
rr 

N65-320 93 
!! I 
i 

!& t IPAOES) L 
< b 
J 

ITHRUI UCCESSION NUMBER) 

(CATEOORYJ 
5-72s!/ 

m C R  OR T U  OR NUMBER) 

The Earth-Moon System in the Light of 
Recent Discoveries in Space Science 

- - -- 
- 

by J.A. O’Keefe 



. 
The Earth-Moon System. 1 .  1. 

Lecture I: The Physical Setting of Geodesy. - - 

The study of the figure of the earth has its histori- 
cal roots in studies made by geodesists. These studies 
came from two sources: One was the detached scientific 
desire to know more about the figure of the earth which 
moved the Erathosthenes and Snell; the other was the 
practical urge to produce adequate maps which moved the 
Cassinis and Digges. The scientific motivation for the 
study of the earth is relatively easy to understand, but 
I should like to take your time to point out some of the 
practical reasons which have powerfully reinforced 
scientific motivations. 

The practical surveyor is attempting to construct 
a map which will serve the ordinary purposes of daily 
life. For some of them, such as hiking or automobile 
travel, an accuracy of 1 percent is more than sufficient. 
For others, including the problem of artillery firing, the 
laying out of pipe lines, the emplacement of micro-wave 
antennae and the putting in of telephone lines an accuracy 
of a tenth of 1 percent would be desirable so far as the 
paper stability permits it. These accuracies would not 
by themselves justify the precision which is lavished on 
first order triangulation. It might appear possible to 
make relatively crude surveys and patch them together. 
-In practice, however, it is found that this policy is 
extremely expensive and that it is far more satisfactory 
to have an underpinning of precise survey. What happens 
when you have a set of inaccurate maps is that in the 
compilation room the conflicts between the maps appear. 
For example, suppose that the maps are in error by 1 
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percent;  then along the jukct ion between two indiv idua l  
sheets you may have an e r r o r  of  a few t en ths  of an inch, 
which might be to le rab le ;  but when you have joined together 
20 o r  30 such maps t o  form a loop o r  an area, then you 
f i n d  that  there are discrepancies of many times t h i s  
amount where the loops close.  Since the mapping of even 
s o  small an area as France involves severa l  hundred map 
sheets ,  t h i s  procedure i s  evident ly  very unsa t i s fac tory .  

Theoretically again one could go i n t o  the compilation 
room and say t o  the o t h e r  compilers that they should 
d i s t o r t  t h e i r  shee ts  i n  such a way as to produce a uni- 
f i e d  whole and tha t  you don ' t  care  how they do it .  If  
t h i s  i s  resorted t o ,  %hen enormous waste and delays w i l l  
ensue. The compilers w i l l  want t o  work on the area a 
l i t t l e  a t  a t i m e .  L e f t  t o  themselves they w i l l  crowd 
a l l  the e r ro r s  i n t o  one a r e a  where they become in to l e rab le ,  
01" they w i l l  s tart  i n  two d i f f e r e n t  areas and when these 
two areas j o i n  an in to l e rab le  discrepancy w i l l  be found. 
I n  the meantime endless discussions w i l l  rage among the 
compilers as t o  how t h i s  problem i s  t o  be m e t .  Since the 
compilers are very numerous compared t o  the f i r s t  order  
t r i angu la to r s ,  the n e t  loss i s  very large indeed. 

J u s t  p r i o r  t o  the German invasion of France i n  1940 
there was a conference avong the a l l i e s  about the problem 
of the adjustment of the Butch, Belgian and German map 
and survey data t o  agreement with the French. The plan 
c a l l e d  f o r  the reca lcu la t ion  of the Belgian and Dutch 
t r iangula t ion  s t a s t i n g  from French t r i a n g l e s .  
angulation was adjusted by applying blanket cor rec t ions  
t o  the l a t i t u d e s  and longi tudes.  Since these cor rec t ions  
l e f t  a discrepancy on the order  of 11 meters between cer-  
t a i n  points  of" Holland and Germany, a graph was prepared. 

German tri- 
I 
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This graph was intended to adjust not the map data but only 
the lists of surveyed points which were supplied to the 
artillery for their purposes. 

When it is a matter of adjusting the triangulation 
between several countries, it is an enormous advantage if 
there exists a framework so precise that each of the several 
countries involved will accept it as superior to its own. 
The reason is that when a staff conference is held, each of 
the military officers in the conference is representing a 
group of civilian employees whom he cannot easily consult. 
A few of them may be sittfng back af the conference table at 
his elbow, but the great majority are necessarily left at 
home. He cannot easily make concessions. The question of 
national pride is deeply involved. To adopt the proposal 
of another country when it is obviously unscientifically con- 
structed ard to distort onets native maps and surveys to fit 
it is felt as humiliating and is resisted. If, on the other 
hand, the proposal for survey unification is scientifically 
drawn and will represent an overall improvement in the survey 
situation even in the separate countries, then acceptance 
is much more readily secured. 

Thus we see that precision in survey is a tool of 
_. ---- 

- the high command. 

In securing survey precision one obstacle is more serioug 
than any other and sets a limit to the precision that is 
reached. 
through the atmosphere. L e t  us remember that at the moment when 
we see the sun's lower limb touch the horizon, the whole of 
the sun would be below the horizon if there were no atmosphere. 
"hat is to say the refraction amounts to one-half a degree on 

This obstacle is the crookedness of the path of light 
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long rays through the atmosphere. 
vature  of some 1800 seconds of a r c  with the desired 
angular  precis ion which i s  less than a s ing le  second of 
a r c ,  w e  see the magnitude of the problem which the geo- 
desists must face.  

If  w e  compare the  cur- 

Using everything except the graph, the U,S, Army 
Map Service prepared a series of maps of Holland. 
maps were compared wi th  the coordinate l ists .  
Butch maps were on the stereographic pro jec t ion ,  there was 
f e l t  t o  be some uncertainty about pu t t ing  them i n t o  the 
framework of  the Lambert p ro jec t ion  used by the French. 
These worries became acute  when it was: discovered tha t  
the o r i g i n a l  Dutch stereographic coordinates could not  
be converted t o  s a t i s f a c t o r y  agreement w i t h  the  B r i t i s h  
coordinate l i s t s  by the  a i d  of information ava i l ab le  t o  
the U , S ,  En the meantime the  invasion of France by the 
Germans resu l ted  i n  the loss of important por t ions  of the 
records.  For severa l  months, e f f o r t s  continued a t  the  
Amy Map Service and i n  the Corps of Engineers t o  discover 
some mathematical discrepancy which would explain t h e  
d i f f e rence  between the American coordinates l i s ts  and the 
B r i t i s h  lists. Buring t h i s  time the p r i n t i n g  of the maps 
was delayed. 
the B r i t i s h  produced the graph, but the d i s loca t ion  of 
the  map production program had ser ious  e f f e c t s  on the  later 
conduct of t he  war. Had the re  been an order ly  and well  
understood program, t h i s  delay would not  have occurred. 

The 
Since the 

The discrepancy was f i n a l l y  explained when 

It turns  out  t ha t  the only way of ad jus t ing  a whole 
s e r i e s  of maps t o  agreement w i t h  one another i s  t o  provide 
a prec ise  franework f o r  the area as a whole and t o  p in  
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each map t o  that framework. O f  course the framework it- 
self must s u f f e r  a r b i t r a r y  adjustments which are d is -  

guised as least-squares  solut ions,  but the magnitude of 
the discrepancies  which a r e  t o l e r a t e d  here can be kept 
below the l e v e l  which is detected by the compilers. As 

a r e s u l t  the inev i t ab le  squabbling about how those d i s -  
crepancies are to be adjusted can be confined t o  a rela- 
t i v e l y  small number of people. Here the sternest prac- 
ticality ind ica t e s  t he  need f o r  p rec i se  survey data. 

It is  c h a r a c t e r i s t i c  of geodesy that  the me'thod by 
which t h i s  problem is  attacked i s  the use of the  gravi-  
t a t i o n a l  f i e l d  of  the earth. I n  the determination of 
height above sea l eve l ,  i n  the determination of positjton 
on s e a  l e v e l ,  and i n  the explorat ion of  the sea l e v e l  
s u r f a c e  i tself ,  the geodesist  takes advantage of the gra- 
v i t a t i o n a l  f i e l d  of the earth t o  co r rec t  the e r r o r s  
a r i s i n g  from atmospheric r e f r ac t ion .  

The f irst  example i s  the measurement of height .  
When it is  impossible t o  avoid it, v e r t i c a l  angles are 
sometimes measured between p o i n t s  whose r e l a t i v e  e l eva t ion  
is t o  be found. The inevi tab le  e f f e c t s  of the curvature  
of the ray are minimized s o  far as poss ib le  by measuring 
r ec ip roca l ly  over the l i n e ;  that is, measuring the angular 
e l eva t ion  of B as seen f r o m  A and the e l eva t ion  of A 
as seen from B simultaneously. It t u r n s  out  that t h i s  
procedure el iminates  the e f f e c t  of the mean curvature  
over the l i n e .  It does not,  however, e l imina te  h igher  
o rde r  d i f f i c u l t i e s ,  and the angular accuracy wh ich - i s  
a t t a i n a b l e  is on the order  of one ten-thousandth o r  one 
twenty-thousandth o f  the dis tance.  Here it w i l l  be noted 
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that  by re fer r ing  the angles t o  t he  zen i th  a t  both ends 
of the  l i ne ,  some use was made of  the earth!s g rav i t a t iona l  
f i e l d  

A far more e f f ec t ive  use arises when the  l i n e  i s  cu t  
up i n t o  a large number o f  small pieces  and t h e  r e l a t i v e  
elevat ions a r e  determined section-by-section. The best  
instrument f o r  t h i s  purpose i s  the  s p i r i t  l eve l .  I n  
prac t ice ,  the surveyor puts  the s p i r i t  l e v e l  a t  the  cen- 
t e r  of the small sec t ion  which he i s  measuring, he sets 
the op t i ca l  a x i s  l e v e l  and poin ts  f i r s t  a t  the  rod ahead 
and then a t  t h e  pod I n  back o r  v ice  versa .  Through h i s  
telescope he can read the height of  the  mark on the rod  
t o  which h i s  telescope i s  point ing.  The d i f fe rence  of 
the two rod readings i s  a very good approximation t o  the 
difference between the heights of the f e e t  of t he  rods.  
The curvature of t he  ray i s  much less troublesome on a 
shor t  sec t ion  s ince  i t s  e f f e c t s  increase w i t h  t he  square 
of the dis tance.  Thus a sec t ion  one kilometer long cut  
i n t o  100 meter b i t s  w i l l  have only one-tenth the  t o t a l  
amount of curvature that  the whole kilometer piece would 
have had, Moreover, by measuring bo th  forward and back- 
ward from the middle of t he  l i n e ,  the surveyor i s  a b l e  t o  
make t h e  e f f e c t s  of curvature cancel on each separate 
l i n e .  The ray curves downward from the instrument toward 
the mark by t h e  same amount i n  both cases .  By t h i s  method 
of s p i r i t  level ing it i s  possible ,  f o r  example, t o  de te r -  
mine t h e  heights  of po in ts  i n  the  cen te r  of  the  United 
S t a t e s  w i t h  an accuracy o f ' a  few ten ths  of  a meter referred 
t o  t i d e  gauges on the coast .  A t  a dis tance of a f e w  
thousand kilometers these ten ths  of a meter subtend angles 
of only a small f r a c t i o n  of a second of' a r c .  We see  
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that the curvature of the  ray has i n  a c e r t a i n  sense been 
s t ra ightened  out  by continual reference t o  the d i r e c t i o n  
of the ver t ical . .  

I n  measurements of horizontal  pos i t ion ,  again w e  f i n d  
that the p rope r t i e s  of the  g r a v i t a t i o n a l  f i e l d  are used. 
It t u r n s  out  that the ray of l igh t  i s  curved in a d i rec-  
t i o n  perpendicular t o  the  s t r a t i f i c a t i o n  of the atmosphere. 
This s t r a t i f i c a t i o n  i s  i n  nearly horfzontal  l ayers .  I f ,  
therefore ,  the geodesist  measures angles  i n  the horizon- 
t a l  plane his angles w i l l  be near ly  free of the  e f f e c t s  
of r e f r a c t i o n .  It tu rns  out  t ha t  on a day when v e r t i c a l  
angles  are. d i s t o r t e d  by many minutes of a r c ,  the horizon- 
t a l  angles as measured w i l l  be accurate  within a f r a c t i o n  
of a second of a rc .  

Since the days of P ie r r e  Bouguer, i n  the middle 
of t he  18th century, it has been customary t o  
represent  the r e s u l t s  of such angle measurements as these 
by supposing them t o  have been measured on an imaginary 
prolongation of the ,sea l eve l  surveys under the  land. 
This prolongation is ca l l ed  the geoid.  I n  order  t o  br ing 
the measured lengths i n t o  the same i n t e l l e c t u a l  frame- 
work, it has been customary s ince  the time of Bouguer t o  
reduce the lengths  t o  the  yalues which they would have 
had i f  measured a t  ,sea l e v e l  between the poin ts  v e r t i c a l l y  
below the a c t u a l  ends of t he  measured pieces .  Thus the 
ne t  r e s u l t  of an extensive t r i angu la t ion  measurement is 
the fixing of angles and lengths as i f  they had been measured 
on the geoid. They are accompanied a t  the  same time by 
s p i r f t  leve l ing  measurements which g ive  he ights  above the 
geoid. 
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I n  a l l  of the above the  question of the exact form 
of the geoid is systematical ly  ignored. For l o c a l  sur-  
veys it i s  possible  t o  get by w i t h  the  assumption that  
the earth is f la t .  No s i g n i f i c a n t  d i s t o r t i o n s  of h o r i -  
zonta l  angles w i l l  appear unless  the t r i a n g l e  approaches 
an area of 100 square k i lometers .  For more extensive 
surveying up t o  the s i z e  of a s ta te  of the U,S,, it i s  
o f t en  possible t o  g e t  by w i t h  the  assumption that  the 
earth i s  a sphere. Even i n  na t iona l  surveys it i s  poss ib le  
t o  make a prec ise  computation assuming that the earth i s  
an e l l i p s o i d  of revolution, but not  t roubl ing t o  get the 
exact parameters of, the e l l i p s o i d .  These methods are 
pe r fec t ly  adequate as long as the measurements a r e  only 
those of horizontal  angles o r  lengths along the surface,  
and as long as the r e s u l t s  which are desired from the  
measurements are of the same kind. I n  p a r t i c u l a r ,  the  
heights which are wanted f o r  the construct ion of dams o r  
t h e  laying of pipes o r  o the r  hydraulic problems are o f  
j u s t  t h i s  kind. The notion of the t r u e  form of the geoid 
i s  merely p a r a s i t i c  i n  most ordinary engineering app l i -  
ca t ions  of geodesy. 

The mathematicians have been confronted w i t h  a 
s i t u a t i o n  which they thoroughly enjoy. The problem is  t o  
d i v i s e  coordinate systems and methods of thought i n  which 
it w i l l  be possible  t o  move about over the surface of 
the  earth i n  the s p i r i t  of a two dimensional being who 
does not  know tha t  there i s  such a thing as up and down. 
The problem i s  one of great mathematical i n t e r e s t .  Some 
of the most beau t i fu l  of the papers of Gauss concerned 
themselves w%th th f s  provblem, and the modern theory of 
r e l a t i v i t y  i n h e r i t s  i t s . ' p o i n t  of view and many of i t s  
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mathematical techniques from Gauss, his pupil, Riemann, 
and his successors, the founders of tensor analysis. 

The geophysicists never really liked this situation 
and were constantly endeavoring to find out something 
about the form of the geoid. They got very little support 
from the practical people until the modern age of the 
intercontinental ballistic missiles, the earth satellite 
and the space probe. For each of these, what is needed 
is the true x, y, z coordinate of the tracking station 
referred to the center of the earth. To convert the 
measurements made on the geoid to measurements referred 
to the center requires a knowledge of the shape of the 
geoid, and it is with this we will concern 'ourselves next. 

The first approximation to the form of the geoid 
which I s  in practical use today is the assumption that it 
is an ellipsoid of revolution with a semi-major axis a, 
and a semi-minor axis b. Instead of giving b, it is 
more customary to give the quantity 7 a-b which is called 
f for flattening. The measurement of these two quan- 
tities was originally made by determining the radius of 
curvature at various latitudes. The first determination 
was made in the 18th century by the expedients of the 
French academy to Peru and Lapland. The method has 
remained in vogue with improvements right up to the work 
of Chovitz and Fischer on the Hough's spheroid in 1956. 
In recent times, however, there has been a tendency to 
rely on measurements of gravity for the determination of 
the flattening. There has also been a tendency to obtain 
the flattening from the relationship between the constant 
of precession and the hydrostatic theory. It turns out, 
in fact, that measurements of the radius of curvature 
do not give particularly reliable measures of both quan- 
tities a and f. Instead, they give a relation between 
the two. 
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Once an ellipsoid has been assumed, the geodesists con- 
cern themselves with the deviations between the actual shape 
of the geoid and that of the assumed ellipsoid. Several 
methods of measuring these undulations of the geoid are in use. 

In the first place, it is possible to make astronomic 
measurements of latitude and longitude along a triangulated 
arc. Each measurement of latitude and longitude amounts to 
a determination of the direction of the vertical at that 
point. When this is compared with the calculated direction 
of the vertical, the so called geodetic latitude and longi- 
tude, the differences which appear are called the deflec- 
tion of the vertical or perhaps the deflection of the 
plumb, depending on whether we think of" ourselves as looking 
upward or downward along the vertical. Each deflection of 
the vertical can be thought of as giving the slope of the 
geoid with respect to the ellipsoid at a particular point. 
If we combine these deflections, we can build up a picture of 
the height of  the geoid above $he ellipsoid in much the same 
way as a picture is built up of the form of the topography by 
clinometric measurements, i.e., measurements of the slope. 
The process is called astronomical leveling, and it is 
found that with a reasonable distribution of the astro- 
nomical stations, a precision of the order of a few meters 
can be reached. The weakness of this method lies in the 
fact that only relative heights are determined. An initial 
height above the ellipsoid must be quite arbitrarily 
assumed. Hayford arbitrarily assumed a height of +10 
meters at Calais, Maine. It was also necessary to make 
a more or less arbitrary assumption about the place at 
which the slope of the geoid matches that of the ellfp- 
soid. For the United States, the average slope of the 
geoid matches that of the ellipsoid very closely; for 
France the two are made equal for five astronomic stations 
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nea r  P a r i s ;  f o r  England they are equated a t  the o ld  
Greenwich Observatory; f o r  Spain a t  the observatory i n  
Madrid, and so on. 

Another method, having a d i f f e r e n t  set of t roubles ,  
If grav i ty  data were ava i l ab le  f o r  re l ies  upon gravi ty .  

the whole earth then it would be possible ,  according t o  
a theorem wqrked out by G.G. Stokes, t o  determine the 
g r a v i t a t i o n a l  p o t e n t i a l  a t  every po in t .  The underlying 
idea can perhaps be put  in  the  following way. The in-  
t e n s i t y  of g rav i ty  as it  is  measured a t  any poin t  de- 
pends e s s e n t i a l l y  on the in tegra ted  m a s s  i n  a u n i t  column 
under the s t a t i o n .  I n  its e f f e c t  on the g rav i ty  meter, 
a l a y e r  which is a t  a depth o f  s eve ra l  kilometers has no 
less e f f e c t  than one which is  only a f e w  meters down. 
The reason is that while a single gram would be much more 
e f f e c t i v e  when nearby than when far away, y e t  i n  terms of 
i ts  contr ibut ion t o  the v e r t i c a l  component of g r a v i t y  it 
is only the chunks which a r e  within a reasonable angle 
f r o m  the v e r t i c a l  that matter. The amount of any l a y e r  
which is within a cone of say 45' from the v e r t i c a l  w i l l  
be proport ional  t o  the square of the d is tance  from the 
s t a t i o n ,  and t h i s  increase i n  the amount of mater ia l  
balances the decrease i n  t h e  e f f ec t iveness  p e r  gram, 
so  that i n  a hor izonta l ly  s t r a t i f i e d  earth the  i n t e n s i t y  
of g rav i ty  is a fa i r  measure of the column i n t e g r a l  of the 
mass. As a consequence, i t  is poss ib le  i n  many cases t o  
formulate the appl ica t ion  of Stokes'  p r i n c i p l e  by imagining 
the earth t o  cons i s t  of a she l l  w i t h  a sur face  d i s t r i -  
but ion of matter which is proportional t o  the i n t e n s i t y  
of g rav i ty  a t  the poin t .  The e labora te  i n t e g r a l s  which 
appear i n  Stokes'  equation are, i n  f a c t ,  no t  much more 
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than the expression of t h i s  idea.  

It w i l l  be seen a t  once that  the e f fec t iveness  of 
Stokes '  theorem depends on a reasonably complete know- 
ledge of the i n t e n s i t y  of g rav i ty  over the earth. Any 
gaps i n  our knowledge w i l l  inev i tab ly  f a l s i f y  the po ten t i a l ,  
not  only as fa r  as the absolute  value of the s lope i s  
concerned, but even the  shape of  the geoid.  On the whole, 
the dimensions of the form of the geoid from g rav i ty  a r e  
usua l ly  found to be more accurate  i n  l o c a l  detai ls  but 
less accurate i n  ove ra l l  shape than the dimensions found 
by astronomical level ing.  

The end r e s u l t ,  therefore ,  of the geodetic surveys 
o f  the earth is  a s e t  o f  x, y, z coordinates i n  which we 
have superposed the measured heights  and measured hor i -  
zonta l  coordinates on a geoid whose general  shape was 
found by the methods of astronomy and gravi ty .  It is a 
long detour t o  ge t  a simple r e s u l t ,  and many modern geo- 
d e s i s h  have suggested that t h i s  detour  is  not  r e a l l y  
necessary.  I n  p a r t i c u l a r ,  Brigadier Martin Hotine has 
suggested that  surveyors should regard t h e i r  measured 
angles  i n  the same way that a photogrammetrist regards 
the angles which he can obta in  from a s ing le  photograph. 
Hotine suggests that t r i angu la t ion  n e t s  should be b u i l t  
up by the step-wise accumulation of sets  of angles,  using 
the same mathematics that  are used i n  photogrammetry. 
The comparison i s  very i n s t r u c t i v e  but ,  i n  f a c t ,  it i s  
found that when Hotine's  procedure i s  ca r r i ed  out ,  the 
r e s u l t s  a re  i n f e r i o r  t o  those produced by ordinary tech- 
niques 'of ca lcu la t ion .  

The reasons f o r  the f a i l u r e  of three dimensional geodesy 
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are twofold. F i r s t ,  i n  an ordinary photogrammetric sur -  
vey most of the angles are nearly v e r t i c a l ,  which means 
that the height of the  a i r c r a f t  is  w e l l  determined. It 
also means that the r e f r ac t ion  of l ight along the l i n e s  
is re l a t ave ly  small. I n  the  second place,  the require-  
ments f o r  prec is ion  in photogrammetric surveys are much 
less than the requirements i n  geodet ic  surveys. 
consequence of these two f a c t s ,  the photogrammetrist is 
j u s t i f i e d  i n  considering that any d i r ec t ion  which he 
measures i s  i n  e r r o r  by a small s o l i d  angle whose t r a c e  
on t h e  sphere is near ly  c i rcu lar .  The geodesis t ,  on the 
o t h e r  hand, considers that h i s  angles a r e  l i k e l y  t o  have 
e r r o r s  i n  the v e r t i c a l  d i r ec t ion  which are orders  of 

As a 

magnitude larger than those in the hor izonta l  d i r ec t ion .  
It is f o r  t h i s  reason that the  techniques of geodesy are 
s o  e n t i r e l y  a l i e n  t o  those of photogrammetry. 

On the o t h e r  hand, it is a consequence of t h i s  thought 
that when w e  observe targets which are very high above 
the earth, such as s a t e l l i t e s  i n s t ead  of the conventional 
geodet ic  targets, which are lights around the horizon, 
then the mathematical s i t u a t i o n  i n  geodesy becomes very 
much like that i n  photogrammetry. Since the f u t u r e  i s  
l i k e l y  t o  bring us more high targets t o  observe on, and 
s ince  the mathematics required t o  deal w i t h  these problems 
is much simpler than that required i n  the usual geodet ic  
methods, it is likely that t h i s  whole fragile we.b of 
thought which I have been describing f o r  you is  one whose 
p r a c t i c a l  s ign i f icance  w i l l  become less every year.  

It i s  still ,  however, t he  best way t o  obta in  p rec i se  
pos i t i ons .  F ina l ly ,  i ts h i s t o r i c  importance as the parent  
of d i f f e r e n t i a l  geometry and so of the t h e o r y  of r e l a t i v i t y  
w l l l  g ive it a p lace  in the hearts of mathernaticians f o r  
years t o  come. 
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Lecture 2 
Lecture 3 - t h e  Earth. 

The Physical  Signif icance of  the  F la t t en in6  of - -- _. - and 

It w a s  Newton who first  pointed out  that, as a con- 
sequence of the ro t a t ion  of the earth, i t  was necessary t o  
assume that the earth is f l a t t ened .  He showed that, if 
the earth were not  f la t tened ,  then the seas  i n  the equa- 
t o r i a l  regions would be more than six miles deep, and the 
land would protrude i n  a corresponding way i n  polar  re-  
gions.  Newton calculated,  on the basis of the assumption 
of a homogeneous earth, that the  f l a t t e n i n g  f should be 
about l / 2 3 O .  
that the remeasurement of the meridian on France from 
Dunkirk south toward the  Pyrenees ind ica ted  that the  length  
of a degree of l a t i t u d e  tended t o  increase as one went 
southward. If the e a r t h  were r e a l l y  f l a t t ened ,  then the  
length  of a degree of l a t i t u d e  s 
southward, as may be seen from Fig.  1, 

A f e w  years l a t e r ,  Domenique Cassini announced 

P O L E  

Relat ion of Geocentric La t i tude  ( @ I  ) 
t o  Geodetic Lat i tude ( 9 )  
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It i s  t o  be remembered that l a t i t u d e s  and longitudes re- 
present  angles between the l o c a l  v e r t i c a l  and the reference 
planes respect ively of the equator and the meridian of' 
Greenwich. 
angles,  then the length of a degree of l a t i t u d e  would be 

greatest a t  the  equator and least a t  the poles .  The d i s -  

If, on the o t h e r  hand, they were geocentr ic  

crepancy between Newton's pred ic t ion  and C a s s i n i n s  obser- 
vat ions led t o  a b i t t e r  qua r re l  between the French and the 
English mathematicians. The English s c i e n t i s t s  of t h a t  
t i m e  were not  q u i t e  sure  of t h e i r  pos i t ion ,  as is witnessed 
by the f a c t  t ha t  Newton chose t o  write i n  Lat in ,  evident ly  
not  q u i t e  sure  t h a t  the English language was here t o  s t a y .  
The quarrel  has been car icatured by Swift  i n  Gu l l ive r ' s  
Travels .  I n  the endp the above-mentioned measupements 
c a r r i e d  out by Maupertuis i n  Lapland (1736) and by Bouguer 
and de la Condamine (1735) i n  Peru showed that, i n  f a c t ,  
Newton was r i g h t ,  and the earth was f l a t t e n e d  rather than 
football-shaped, 

From the l a t t e r  pa r t  of the 18th century on, i t  be- 

came c l e a r  that  the measured value of the f l a t t e n i n g  of 
the earth was incons is ten t  w i t h  t he  idea that the  earth 
is  homogeneous. The values were much nearer  t o  l / 3 O O  than 
t o  the value o f  l / 2 3 O  which would have been required i f  
the earth had been homogeneous. 

I n  the ea r ly  s tages  of the  measurements, it was q u i t e  
enough t o  measure the  f l a t t e n i n g  without s p e c i f i c  reference 
t o  the surface that was involved; later on, a f t e r  the in t ro -  
duction of the idea of the geoid, it became c l e a r  that  the 
best surface t o  discuss  was the sea l e v e l  surface of the 
earth. Once the idea had been introduced, it was poss ib le  
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t o  give a r a t h e r  prec ise  meaning t o  t he  idea of the f la t -  
tening of t he  earth, and t o  ca lcu la te  the  expected value 
on various assumptions about the i n t e r i o r .  

A considerable number of p a r t i c u l a r  hypotheses were 
discussed: 
the p o s s i b i l i t y  that it consisted of a nucleus which con- 
tained nea r ly  a l l  of the  mass plus  a s o r t  of atmosphere, 
and the p o s s i b i l i t y  of  various smooth d i s t r i b u t i o n s  of  den- 
sity which would in te rpola te  between these.  A very i m -  
por tan t  r e s u l t  was shown by Radau about 1880, namely, 
that the predic ted  value of the f l a t t e n i n g  of t he  earth 
depended on a moment of i n e r t i a  around the po la r  a x i s ,  
and that a l l  d i s t r i b u t i o n s  of dens i ty  having the same 
moment of inertia would have almost the same f l a t t e n i n g .  
The e m r  of tMssaspfuhptidn i B  i n  the  fourth-significant 
figure, provided that the  densi ty  always decreases outward. 
Thus the kerne l  of the problem of pred ic t ing  the f l a t t e n i n g  
of t h e  e a r t h  i s  the problem of the ca lcu la t ion  of the 
f l a t t e n i n g  of a body whose p o l a r  moment of i n e r t i a  C is  
given. 

the p o s s i b i l i t y  that the earth was homogeneous, 

The theory of t h i s  calculat ion w i l l  be given below. 
For the moment it is important t o  view th is  problem as it 
w a s  seen up t o  1958. During that time, the  problem of 
determining the  e a r t h ' s  f l a t t e n i n g  w a s  thought t o  be bes t  
treated by thinking of three unknowns. These were the 
po la r  moment of inertia C, the d i f fe rence  between C and 
the a x i a l  moment of i n e r t i a  A, i . e . ,  the  quant i ty  C-A, 

and the  hydros ta t ic  value of t he  f l a t t e n i n g  f .  From hydro- 
s t a t i c  theory,  as mentioned, it w a s  poss ib le  t o  f i n d  an 
equation between C and f .  From the theory of  t he  lun i - so la r  
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perturbations, it was possible to determine the quantity 
(6-A)/C, to which the name the dynamical flattening was 
given, and the symbol H. In addition, it was known that 
the quantity (C-A)/k2 = J2 was equal to $(f-$n), where m 
is the ratio of centrifugal force at the equator to gravity 
at the equator. This relation is somewhat approximate, 
since there are small higher-order terns of the order of 
a fraction of a percent, but it is also purely mathematical, 
and depends in no way on assumptions about hydrostatic 
equilibrium. This equation related 6-A to f, but it should 
be noted that the f here is the real flattening of the 
earth and not necessarily the one predicted by hydrostatic 
theory. Before 1958, it was customary to make the assmp- 
tion that the real f equaled the hydrostatic f. One then 
had three equations among the three unknowns, and the 
solution was possible. In recent years, the determination 
of J2 directly from satellite orbits has furnished a new 
equation in this problem. At the same time, the recog- 
nition that the hydrostatic flattening is not necessarily 
equal to the actual flattening means that we have a new 
unknown, and so the system is now more complicated than 
before; we have four equations with four unknowns. "he 
point which is not clear from the oldep discussions is that 
the hydrostatic flattening of the earth depends only on 
the assumed value of the polar moment of inertia. This 
is directly determinable now, since we can measure 
(C-A)&a2 and also(C-AYC; the quotient of these is evidently 
C/Ma2, 
determinable, I repeat, formerly it was impossible to 
obtain C/Ma 
auxiliary assumption that the hydrostatic and the actual 
flattening were equal. Thus it is the older situation 

From this, the hydrostatic flattening is directly 

2 with adequate accuracy unless one made the 
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which is  complicated and the newer one which is simple. 

I Shall now give the  theory of the r e l a t i o n  
2 between Chis and f ,  the f la t ten ing ,  as it would be 

i n  a p l a s t i c  o r t l i q u i d - b o w .  
theory as s t a t e d  i n  The Earth (Cambridge Universi ty  Press, 
1952 or 1958 e d i t i o n ) .  
commentary on sec t ion  4.03 of h i s  boqk, which covers only 
8 pages, is  that I have found these pages very d i f f i c u l t .  
Since there are 2 e r r o r s  on these pages which appear i n  the  
1952 ed i t i on  and were reprinted i n  the  1958 ed i t ion ,  it 
is  j u s t  poss ib le  that I am not t he  only person who has 
had t rouble  reading these pages. (Since 1958, both e r r o r s  
have been spot ted  by o thers  beside myself. ) 

I shall follow J e f f r e y s '  

- 
My excuse f o r  g iv ing  you a long 

. 1  

p& equations w i l l  be numbered i n  accordance w i t h  his; 
those with let ters following are interpolated.  

The theory of the  i n t e r i o r  of t he  e a r t h  starts from 
the  assumption that the ear th  is i n  hydros ta t ic  equilibrium. 
T h a t  is  t o  say that it  is  i n  equilibrium under the  ac t ion  
of forces  which cause no motion and which produce pressures  
a c t i n g  equal ly  i n  a l l  direct ions,  as i n  a f l u i d .  Under 
these circumstances, we w i l l  expect that the  dens i ty  w i l l  
be s t r a t i f i e d  i n  layers  such that the surfaces  of  constant 
dens i ty  w i l l  a l s o  be surfaces  of constant po ten t i a l .  The 
r e s u l t  is i n t u i t i v e l y  obvious -- it means only that a 
f l u i d  seeks i ts  l e v e l .  
dens i ty  above an  equipo@ential-  surface exceeded :the den- 
s i t y  below it, then the heavier f l u i d  above would tend t o  
displace the  l i g h t e r  f l u i d  below the surface.  The point  
can be proved ana ly t i ca l ly ,  but it is  one which is  too 
simple t o  be worth such a discussion. 

If there  were a p lace  where the 
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It i s  important t o  remember tha t  the p o t e n t i a l  which 
is  involved here  i s  not  the t r u e  g r a v i t a t i o n a l  p o t e n t i a l  
of  the body, but rather the geopotent ia l .  The d i f fe rence  
is  the cent r i fuga l  forces  which arise from the r o t a t i o n  of 
the body. These forces  are included i n  the geopotent ia l ,  
on exactly the  same foot ing  as the t rue g r a v i t a t i o n a l  
force .  Once again,  t h i s  i s  a matter of ordinary experience; 
the fo rce  which w e  c a l l  g rav i ty  i n  d a i l y  l i f e  is  99 percent 
the real g rav i t a t iona l  a t t r a c t i o n  of the earth, but the 
remaining f r a c t i o n  i s  the force  of the earth 's  ro t a t ion .  
The difference i s  q u i t e  percept ib le  i n  ordinary l i f e .  
The flow of the Mississ ippi  requi res  about one f o o t  per 
mile,  which i s  a s m a l l  f r a c t i o n  of the d i f fe rence  between 
the geopotential  and the earth 's  true g r a v i t a t i o n a l  po- 
t e n t i a l ,  The maximum i n c l i n a t i o n  between sur faces  of t r u e  
g rav i t a t iona l  p o t e n t i a l  and geopotent ia l  is  of the order  
of 5 o r  10 minutes of a r c .  

We s h a l l  follow Je f f r eys  i n  t h i s  der iva t ion  and desfg- 
and the geopotent ia l  P, nate  the density by the  symbol 

by the symbol @ 
surfaces  of constant P 
near ly  spherical  body whose surface is given by the equation 

The surfaces  of the constant 9 w i l l  be 

We consider a homogeneous, 

09 

r = a(1  + Ensn) ,  
n=l  

according t o  Je f f r eys ,  where Sn i s  a surface harmonic, 
a i s  the e a r t h ' s  mean radius ,  and En i s  a small numerical 
coef f ic ien t  (Fig. 2 ) .  Notice tha t  J e f f r eys  has wr i t t en  
t h i s  equation as a s i n g l e  summation over n; t h i s  i s  merely 
a convenience t o  avoid the ugl iness  of a double summation. 
I n  f a c t ,  the Sn 's  must be considered as funct ions not  only 



a 
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Fig.  2 
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of the degree n of the  harmonic but a l s o  of i t s  order  m.  
Since we shal l  ge t  r i d  of a l l  these harmonics except S2 
a t  an ear ly  s tage  i n  the  game, it is  not imp,ortant t o  d i s -  
t inguish  between tesseral and zonal harmonics, and hence 
m may be omitted. 

We now consider the  g r a v i t a t i o n a l  p o t e n t i a l  due t o  
t h i s  body. I n  ca l cu la t ing  the p o t e n t i a l ,  J e f f r e y s  makes 
the assumption that  a l l  of t he  C I S  a r e  so small that w e  
can neglect second order  terms. Under these  circumstances, 
we can represent t he  a t t r a c t i o n  of the  body as that  o f  a 
sphere combined w i t h  the a t t r a c t i o n  of an i n f i n i t e l y  t h i n  
surface d i s t r ibu t ion  of mat ter  painted on the  outs ide  of 
the sphere, What i s  neglected here  i s  the f a c t  t ha t  a r e a l  
3-dimensional bulge would a t t r a c t ,  not toward a point  r i g h t  
on the  sphere, but toward a point  half way up through the  
bulge. The neglect  of  second order  terms is  f u l l y  j u s t i -  
f i ed  f o r  all harmonics except t he  second. 
of the  second harmonic, quadrat ic  terms have been calcu- 
lated by Darwin. They represent  an enormous increase i n  
the d i f f i c u l t y  of the  computation without any r e a l  increase 
i n  the  accuracy with which the computation represents  
physical  r e a l i t y .  The e f f e c t s  of  lack of f l u i d i t y  i n  
the  e a r t h  a r e  l a rge  enough s o  that the  use of second order  
terms i s  not  j u s t i f i e d  even f o r  the second harmonic. 

I n  the case 

For  the p o t e n t i a l  ou ts ide  the  body, J e f f r e y s  gives  

where f i s  the  absolute  constant of g rav i t a t ion .  T h i s  
equation may b e  der ived  from W,D. MacMillan, Theory s_- of the  
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Potential, p .  395,' Equation 1: 

Here V is the potential; 
coordinates of' the point 
evaluated; and Sm($O,€)O) 

m I s  Jeffreys' n; (po,Bo are the 
at which the potential is being 
i s  a surface harmonic, multiplied 

by its coefficient, defined by the following equation for 
the surface density d: 

where $,e are the coordinates of any point. 
the mass diseribution corresponding to the mth 
will be 

In this case, 
harmonic 

For Jeffreys, this surface distribution of mass is 
produced by additional thickness of the homogeneous body. 
It is thus 

6 n = p a  cnsn. 

Substituting in MacMillan's equation for V, and multi- 
plying by f (which MacMillan takes equal to unity), we 
obtain, for the nth term 
4 3 s 

2n+l p+1 n n' -7tf p a  3 
- 

as for Jeffreys. 
Newtonian attraction of a sphere. 

following equation: 

In ( 3 ) ,  the first term is nothing but the 

For the interior attraction, Jeffreys gives the 
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T h i s  equation i s  obtainable from MacMillan's equation, 

w i t h  the  same subs t i t u t ions  f o r  d except f o r  the first 
term inside t h e  parentheses.  The f irst  term represents  
the po ten t i a l  at  a poin t  i n  the i n t e r i o r  of a sphere. 
It cons is t s  of two contr ibut ions.  The f irst  is  that due 
t o  the portion of t he  sphere i n t e r i o r  t o  the poin t  i n  
question, which i s  c l e a r l y  

where F i s  the  radius  from the cen te r  of the sphere t o  

the poin t  i n  quest ion.  The p o t e n t i a l  due t o  the por t ion  
of the  sphere outs ide  the point  i n  quest ion is  given by 

and the combined e f f e c t  i s  

which i s  the f i r s t  term ins,de the parentheses of J e f f r e y s '  
Equation 4.  We now consider a heterogeneous body. The 
dens i ty  i s  constant and equal t o  p 
by J e f f r e y s t  Equation 5: 

over a sur face  given 

where p '  and E n  are funct ions of a t .  
straight the vnxying meanings and kinds of radi i  which are 
involved i n  t h i s  s i t u a t i o n ,  l e t  u s  look a t  Fig.  2. 

I n  order  t o  keep 

F i r s t  
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we have a, which is the m e a n  rad ius  of the  ou te r  surface 
of the body. 
axis of the ea r th .  Next w e  have a ' ,  which is  the mean 
rad ius  rrf any i n t e r i o r  surface.  
of the equal dens i ty  surface by g iv ing  r and Sn, s ince  Sn 
w i l l  contain the angular  var iables .  The mean radius  of 
that surface which passes through the i n t e r i o r  po in t  
P(r,e,$), where the poten t ia l  is t o  be found, i s  defined 
by Je f f r eys  as rl. 

It is  thus approximately the semi-major 

We can descr ibe a poin t  

To ca l cu la t e  the poten t ia l ,  J e f f r eys  proceeds t o  take 
the d i f fe rence  between two homogeneous bodies, one having 
t h e  ou te r  sur face  corresponding t o  the dens i ty  p, and t h e  
o the r  having 

The ex te rna l  
Equation 6 :  

a surface equal t o  

p o t e n t i a l  i s  therefore  c l e a r l y  given by 

The quant i ty  p1 is not  d i f f e ren t i a t ed  because the gra- 
v i t a t i o n a l  a t t r a c t i o n  of the thin spher ica l  shel l  is 
propor t iona l  t o  the difference i n  radius  dal between i ts  
two sides, but is  proport ional  t o  i t s e l f  and not  t o  
d PI. The in t eg ra t ion  is  extended over a t  up t o  a rather 
than t o  go, c l e a r l y  because beyond a there is no densi ty .  

P 

For an i n t e r n a l  point ,  we ca l cu la t e  the p o t e n t i a l  U1 
i n  two parts. The first term is due t o  the matter which 
is  i n t e r i o r  t o  the poin t  under considerat ioh.  For this ,  
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an explanation exac t ly  l i k e  Equation 6 app l i e s ,  except t ha t  
t h e  i n t e g r a l  extends only up t o  the  mean r ad ius  rl through 
the  poin t  in  question. For mat ter  ex te rna l  t o  the poin t ,  
w e  d i f f e r e n t i a t e  and i n t e g r a t e  Equation 4 i n  an e n t i r e l y  
s$nilar way: 

Note that  i n  these  d i f f e r e n t i a t i o n s  and in t eg ra t ions ,  
t h e  only var iable  i s  a ' ;  r i s  the  rad ius  t o  the  poin t ,  P 
a t  which the p o t e n t i a l  i s  being evaluated; r1 is the  mean 
value of r on t h e  equ ipo ten t i a l  through P ,  i .e .  , 

To obtain , the geopotent ia l ,  w e  must add the con- 
t r i b u t i o n  from the cen t r i fuga l  fo rce .  Thus 

g = u +  
Let 

1 2 2  1 2 2 1  & J ~ I - ~ c o s ~ $ ~  = u + -W r + r (- - ( 8 )  
2 ,3 3 

us note  that ,  a f te r  Equation 8, J e f f r e y s  mentions 
that  he can ignore the d i f fe rence  between 4 and 4 I .  

next sentence, which discusses  the  behavior of 
over the equipoten t ia l  surfaces ,  contains the word "then", 
which appears t o  r e f e r  back t o  the remark about (9 and t t .  
I have been unable t o  make sense out  of  t h i s  r e l a t i o n ,  
and I believe that the sentence about 4 and 0 '  is  simply 
misplaced. I n  f a c t ,  J e f f r e y s  continues t o  use u n t i l  
af ter  h i s  Equation 12. The j u s t i f i c a t i o n  f o r  ignoring 
the  difference i s  the  f a c t  that tr igonometric func t ions  of 

The 

p and !E! 
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$I1  occur only w i t h  the small coe f f i c i en t  u2 o r  one of the 
epsi lons.  

Jeffreys proceeds t o  p o b t  out that, i n  his  Equations 
7 and 8, @ can be a function only of rl. This is because 
the value of rl is  constant over an equipoten t ia l  surface.  
In  p a r t i c u l a r ,  cannot be a func t ion  of t he  Snls, which 
are funct ions of the coordinates $ ,A .  
def ines  p, the 'mean densi ty  i n  the body, by means of his 
Equation 9, namely 

Je f f r eys  next 

He then defines the mean densi ty  Po w i t h i n  a sur face  whose 
mean radius  is rl by Equation 10, namely 

Je f f r eys  then proceeds t o  subs t i t u t e  f o r  l/r i n  his  Equa- 
t i o n s  7 and 8. It is important t o  no t i ce  that r has small 
coe f f i c i en t s  except i n  the first term. 
therefore ,  we must r e t a i n  first order  of small q u a n t i t i e s .  
Elsewhere w e  can replace r by rl. 
can be taken out  from under the  i n t e g r a l  s ign  and from the  
d i f f e r e n t i a t i o n ,  s ince both of these  refer t o  the running 
va r i ab le  a t  rather than to  the poin t  a t  which the po ten t i a l  
is being evaluated. 

I n  t h i s  term, 

We no t i ce  a l s o  that r 

The q u a n t i t i e s  En and a r e  t o  be regarded as 
func t ions  of a ' .  In  obtaining Equation 11, namely 
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1 2  2 1 2  2 1  
3 + 4 rl + Skl rl (5 - s i n  = func t ion  of r1 only,  

J e f f r eys  has twice preferred t o  replace expressions of the 
form --$$dal by d f .  

equated i s  
The funct ion of r t o  which (11) is  

1 

Since the  l e f t  hand s ide  of Equation 11 must be constant 
for a given rl, the  coe f f i c i en t s  of a l l  of the SnIs,  
where n i s  g r e a t e r  than or equal t o  1, must vanish because 
the S n f s  contain the angle  var iab les .  
d i d  not  vanish, then the l e f t  hand s ide  of the equation 
would depend on the angle var iab les .  Moreover, because 
of the orthogonality proper t ies  of the S n l s ,  no combination 
of the S n f s  could have t h e  same e f f e c t  as one of them. 
Hence, it i s  not  possible  t o  arrange the coe f f i c i en t s  i n  
such a way that the va r i a t ion  of one Sn is  covered up by 
the others .  
of  (11) independent of the angle var iab les  is  t o  make the 
coe f f i c i en t  of each Sn equal t o  zero.  
ge t  Equation 12 a f te r  dividing thyough by 4rf: 

If t h e i r  c o e f f i c i e n t s  

The only way t o  make the whole l e f t  hand side 

When w e  do so,  w e  
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except i n  the  case when Sn is ($ - sin2#), when w e  ge t  
an e x t r a  term, 

on the r i g h t  hand s ide .  The right side is  therefore  w r i t t e n  ~ 

~ 

We next mult iply (12) through by rl n+l and replace rl by r: 

We now consider the va r i a t ion  of the p o t e n t i a l  w i t h  
d i s tance  from the cen te r  of the earth, so that w e  regard 
r as a var iab le .  In  d i f f e r e n t i a t i n g  the i n t e g r a l s ,  it is 
important t o  remember that the i n t e g r a l  f o r  8 general  
func t ion  f(a1) is 

With t h i s  i n  mind, Equation 12a is  d i f f e r e n t i a t e d  as follows: 



The Earth-Moon System. 29. 

I n  wr i t ing  this  equation, w e  must keep i n  mind tha t  
i s  the value of P when r = a .  T h i s  equation s impl i f ies  
J e f f r e y s ’  Equation 13 when w e  combine the  two t e r n s  i n  
the second bracket which depend on d f n / d r ,  and note that  
the sum of three terns i n  enpr n+2 i s  zero.  

Making these subs t i t u t ions ,  w e  a r r i v e  a t  Je f f r eys !  
Equation 13, which includes both i n t e g r a l s  and de r iva t ives :  

2 4  
[ O j  - *). 

We now d i v i d e  by r2n and get Equation 13a: 

( O, - &)* 
We d i f f e r e n t i a t e  w i t h  respect  t o  r and note ,  as before,  
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the e f f e c t  of va r i ab le  limits of i n t eg ra t ion .  
no te  -that p is  the value of pl at a '  = r. 
Equation l3b: 

We f u r t h e r  
Thls gives 

(13b) 
I n  construct ing th i s  equation, w e  d id  not d i f f e r e n t i a t e  
under the integral s ign  in  the last term because a l l  quan- 
t i t i e s  there are regarded as func t ions  of a ' .  We mult iply 
through by -rn, and th i s  gives ( 1 3 ~ ) ~  

which s impl i f i e s  i n t o  Jef f reys  I Equation 14: 

(14) 
Now, f r o m  Equation 10, i t  i s  easy t o  see that 

Subs t i t u t ing  f o r  the i n t e g r a l  and dividing through by r3/3, 
w e  have J e f f r e y s '  Equation 15, which is  the famous equation 
of C la i r au t  : 

2 dr r 



. .  

The Earth-Moon System. 

The equation of Cla i rau t  was obtained i n  17430 
t he  intervening two centur ies ,  a great dea l  has been found 
out  about the poss ib le  so lu t ions  of t h i s  equation subgect 
t o  the r e s t r i c t i o n  that the dens i ty  decreases s t e a d i l y  
downward. There a r e  two reasons t o  think tha t  t h i s  w i l l  
happen: F i r s t ,  the  denser ma te r i a l s  would tend t o  sink 
i n  f l u i d  equilibrium; second, ma te r i a l s  which are a t  a 
lower leve l  are under high pressure and, t he re fo reB  will 
be somewhat compressed, It follows that the  mean dens i ty  
Po within a given surface w i l l  a l s o  be g r e a t e r  than the  
l o c a l  densi ty  p , except a t  the  cen te r  where po-p __$ zero ,  

I n  

Me suppose that  f o r  s m a l l  values of r, v a r i e s  l i k e  
Then, s u b s t i t u t i n g  i n  C l a i r a u t ' s  equation, w e  have 

n 
rp. 

Dividing by J ? - ~  and a l s o  by p ,  which equals Po a t  the  
cen te r  of the earth, we have a quadrat ic  equation i n  p: 

T h i s  equation i s  solved by the  usual  processes,  giving 
e i t h e r  

p = n-2 o r  p = -n-3. 07) 

Of t he  two so lu t ions ,  we can d iscard  p = -n-3, s ince  i n  
t h i s  case the so lu t ion  would be proport ional  t o  r 
As n goes from +l t o m ,  the  exponent on r would be nega- 
t i v e ,  Such a so lu t ion  would go t o  00 a t  the  cen te r  of the  
earth, and is  therefore  impossible. 

-n-2S 
n'  

If, therefore ,  f o r  
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p = n-2, w e  take n = 

-1 cn = k r  

d E n  k 
2 d r  

- = -  

1, then 

32 

Subs t i tu t ing ,  we f i n d  that, f o r  th i s  case, C l a i r a u t ' s  
Equation 15 holds iden t i ca l ly  f o r  a r b i t r a r y  dens i ty  func- 
t i o n s  p a n d P o .  The radial  displacement i s  proport ional  
t o  S1 regardless  of the  dis tance from the center ,  and 
th i s ,  i n  turn,  implies a r i g i d  body displacement which 
needs not  be f u r t h e r  considered. 

If n = 2, then en is nei ther  i n f i n i t e  nor  zero near  
the  center .  For this border l i n e  case, a spec ia l  treat- 
ment is needed because n-2 vanishes, and hence the previous 
treatment leads t o  constant e l l i p t i c i t y .  We l e t  

l - & = H r  k 
Po 

hold f o r  small r. I n  t h i s  equation, H must be p o s i t i v e  
so that the dens i ty  may increase as r increases ,  and k 
must be pos i t i ve  t o  avoid an infinite value of t he  dens i ty  
a t  the center .  We f u r t h e r  suppose 

S = A + B r .  2 

We s u b s t i t u t e  i n  Equation 15, and f i n d  (18a): 
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In this equation, we note that 

6A - -f$) = -6ApOHr k-2 -&l-p(-), r = - r 2 

We also can transform the terns whose coefficient is 6PB: 

p(6Bs b- 6B)rs-2 = [Po  - Po 1 - -f$j (6Bs -b 6B)r s-2 

= p0(6Bs + 6B)r s-2 - poHrk*S-2(6Bs b- 6B). 

mc'l 

The second term in (18~) disappears because it is of .an 
order higher than r . The remaining terns of (18a) 
are all multiplied by Po, so that we find 

s-2 

= 0. (19) Bs&s+5)rs-* - 6AHr k-2 

Equateon 19 can only be true if s = k. 
(19,) will hold: 

In this caseg 

Since k is positive, B must have the sign of AH. 
however, is positive, so that B has the sign of A. There- 
fore, 

H, 

c2 must increase numerically with r. 
Finally, if n is greater than 2, then En behaves 

f o r  a small r. We thus say that cn increases n-2 like r 
numerically with r 'in all non-trivial cases for points near 
the center o f  the earth. 
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If the en's should not continue t o  increase a l l  the  
way t o  the  surface,  then we would come t o  a place where 

d c n  
d r  - = 0 .  

Then the following 1 3 i ld hold ( Jef f  reys  I Equation 20) : 

Since n(n+l )  is pos i t i ve  and is a t  l e a s t  6, it follows 
tha t  the right hand side of (20) is a t  least 6(1 - p/po), 
which is pos i t i ve ,  s ince  p is always less than Po. 
Hence, the f irst  der iva t ive  of eps i lon  w i l l  have the s ign  
of cn and, therefore ,  would immediately increase 
aga in  i n  absolu te  value. 

Our next s t e p  is t o  show that the  cnls should be 
zero except f o r  n = 1 and n = 2, 
put  rl = a, then the in t eg ra l  from rl t o  a vanishes.  
a l s o  s u b s t i t u t e  from Equation 9 f o r  

I n  Equation 12, i f  w e  
We 

and Equation 12 becomes 

a 
= 

n+l 

We denote the i n t e g r a l  i n  Equation 21 by I. 
that En is pos i t ive ;  then, in tegra t ing  by p a r t s ,  w e  ge t  

We assume 
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Here the subscr ipt  11 a I1 ind ica tes  values taken a t  the sur-  

f ace ,  Since p 1  is  a decreasing func t ion  of a l ,  i t  follows 
that dp I is negative; the i n t e g r a l  i n  Equation 22 is  
therefore  negative: 

On the o the r  hand, s ince  en i s  a pos i t fve ,  increasing 

unless n = 1, Here Jef f reys  says that cn does not  
Actually, it has been pointed out  t o  m e  t ha t  i t  

func t ion  of a!, it i s  always less than the boundary value 

na 
change, 
must increase without l i m i t  near  the center ,  but t h i s  
case i s  t r i v i a l .  

Subs t i tu t ing  (23a) i n  (221, w e  have 

The r i g h t  hand s ide of (23b) represents  the r e s u l t  of fn- 
t eg ra t ing  by p a r t s  the expression 

We replace by + ( .pl-y):  

( 2 3 4  
To evaluate the in t eg ra l ,  l e t  
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Therefore, 

(24) 
For n = 0, the last i n t e g r a l  vanishes because the d i f fe ren-  
t i a l  & I 3  weights the  integral i n  proport ion t o  the  volume. 
I n  this  case, the i n t e g r a l  of pl-p must vanish by the 
d e f i n i t i o n  of mean densi ty .  

I n  general ,  because of the f a c t  that is a volume 
average of P 1 ,  it will be t rue  that t h e  i n t e g r a l  of 
( P l - p )  mult ip l ied  by any constant and taken from 0 t o  a 
w i l l  be 0. 
where p1 = 

(p l -p)  > 0 under t h i s  level ,  i .e . ,  f o r  a t <  aos and 
( p  l-D) > 0 above t h i s  level .  

In  pa r t i cu la r ,  i f  w e  choose a. f o r  t h e  l e v e l  
then, s ince  P1 is  a decreasing func t ion  P ,  

Then the  product 

w i l l  be negat ive f o r  any power of n greater than 0, s ince,  
f o r  a l l  such powers, the power of the g r e a t e r  number is  
g rea t e r .  Hence, 

Therefore, t he  i n t e g r a l  i n  (24) is negat ive.  Since 
the  remaining term is  necessar i ly  pos i t i ve ,  t h e  i n t e g r a l  
can only decrease the  whole expression, so that 
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Using (231, we see that the quant i ty  I can, i n  f a c t ,  
be bracketed between the i i m i t s  

A l l  the above assumes that f is  pos i t i ve .  I f  it i s  
negative,  the i n e q u a l i t i e s  are reversed, and hences 
whether is pos i t i ve  o r  negative,  

where 0 < 0 < 1. Going back t o  (21) therefore ,  

If the  r ight  hand side i s  0, t h i s  equation cannot be 

satisfied f o r  n > 1, since,  i n  that case,  the parenthes is  
on the l e f t  must be less than 0. I ts  coe f f i c i en t  i s  com- 
posed of" quan t i t i e s  which a l s o  cannot vanish except a t  
the center  0% the earth. Hence, f o r  a l l  n except n = 2, 
the 
ear th ,  No harmonics except the second degree zonal har- 
monics w i l l  e x i s t .  

fn must be  0 ( t o  the first order )  throughout the 

With rjespect t o  the second degree zonal harmonic, 

must b e  pos i t ive .  
f o r  which the  r igh t  hand side i s  negative,  the value of 

is  pos i t i ve  everywhere, s ince  w e  have found that the E n ' s  
must increase s t e a d i l y  from the center .  J e f f r e y s  summarizes 
these r e s u l t s  as follows: 

T h i s ,  however, implies t h a t  f n a  Ena 

On the hydros ta t ic  theory the rad ius  of a surface I t  - u.- 
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constant dens i ty  contains no harmonics o t h e r  than tha t  
representin& the e l l i p t i c i ty_ ;  the e l l i p t i c i t i e s  increase 
alz the way from the cent re  t o  the  surface,  and the sur -  
f a c e  is obla te .  

-- _. 

- 
-- -- -- 

1t -- 
Returning t o  C l a i r a u t ' s  Equation 15, f o r  n = 2, w e  

se t  

Its de r iva t ives  are: 

- d e  = 3r2X + r 3 a X  d r  
d r  

.-.T d2 = 6rk + 6r - + r a - 2 .  

d r  

Z d X  3d21 
dr d r  

Subs t i t u t ing  these in  Clairaut  I s  Equation 15, 

2dA + r 3d2x - - 6 r X )  p 0 ( 6 r x  + 6 r  3 
dr  2 

Dividing through by por 3 , we get 

i . e . ,  

We note  that f o r  small r, En behaves like 9, where 
p = n-2. For n = 2, this  means that behaves like a 
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constant and hence, from (26>> 
It follows that  i n i t i a l l y  decreases.  It cannot af ter-  
wards increase,  s ince  a t  'the minimum, 

must behave l i k e  r-3. 

\ 

I- d* - O$ 
d r  

and we would a l s o  have 

and thus the second der iva t ive  would necessar i ly  have the 
opposite sign f r o m 1  But h i s  pos i t i ve .  Hence, 

would necessar i ly  be negative,  and thus must decrease 
all the  way from the cen te r  t o  the surface., 

2 I n  (13)9 w e  put  n = 2; then S2 = - - s i n  91.  we 3 
consider conditions a t  the surface where r = a; then the 
second tern disappears because of t h e  coincidence of the 
l i m i t s  of' in tegra t ion ,  and the i n t e g r a l  i n  the f i r s t  term 

I-- 3. Then 7Pa is ,  from Equation 9 ,  replaced by 

2 4  
1- 3 g€- W a  

-spa [ ( d r )  r=a * = -'r rf' 
To the first order,  w e  can say that 

L 

c 
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I.e.,  very roughly, the cent r i fuga l  fo rce  a t  the  equator 
divided by the i n t e n s i t y  of grav i ty ,  and then the right 
hand side of (28) becomes 

We mult iply through by -3/a 3 p ,  and g e t  

It tu rns  out  that, a t  t h i s  point ,  it is  advantageous 
t o  introduce a new dependent va r i ab le  7 ,  which is defined by 

d log€  - r d f  
= d log  r e dr '  

--- 

The de r iva t ives  of are 

When these are subs t i tu ted  i n  Equation 15, w e  get 

this through by r2/c We mul t ip ly  / ) b ,  and obta in  

= 0. . (33) 

I n  o rde r  t o  
Equation 10; 

el iminate  p in Equation 33, w e  start f r o m  
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which, on d i f f e ren t i a t ion ,  y i e l d s  

I d  

and 

Dividing by 
1 I" dPo 
g p p - F - +  

When th i s  is 

2 Por w e  f i n d  

1 =$. 

subs t i t u t ed  i n  ( 3 3 ) $  w e  get 

Mow i t  turns  out  that  the expression por5 'l/T 
i s  of great importance i n  t h i s  theory,  We shall transform 
the equation so as t o  put it i n  these  t e rns .  Our first 
s tep  is t o  d i f f e r e n t i a t e  this expression logari thmical ly ,  
which gives 

. 
c 

I n  terms of t h i s  
and get 

d 

logarithmic der iva t ive ,  w e  evaluate  d q  /dr 

L J 
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When this is substituted in (35), 

(1+q) = 0. + q 2 + q  +-- 2r d P ~  
P o  dr 

When this equation is simplified, it gives 

or 

If we set 

1 + $7 - % I 2  
diq- Ycq> = 

then 

(39) 

Jeffreys notes that this equation is due to Radau (1885J0 
The point  of introducing vis that it is effectively a 
constant within the earth. 
we can obtain from w the expression By logarithmic differentiation, 
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Note tha t  Je f f reys  botched here3 wr i t ing  10 ins t ead  of 
1/10 for the  coef f ic ien t  of 72 
of the denominator. 
about a year ago. 
worse botches! ) 

2 i n  the second parenthesis  
(He mentioned t h i s  i n  a l e t t e r  t o  m e  

Let us  hope that 1 don ' t  make any 

Clearly, Yhas a maximum o r  minimum a t  7 = 0 and 
a t  7 = 1/30 Near v= 0, the logarithmic de r iva t ive  of 
i s  increasing w i t h  7 7 ,  s ince  the numerator is  near ly  7 
and the denominator i s  near ly  1. Hence, a t  t h i s  point ,  
we have a m i n i m u m  of u/. 
we must have a minimum, s ince  t h i s  poin t  is  a simple 
0 of\y 
t i o n  o r  i t s  der4vative i n  t h i s  per iod.  N,B, The roo t s  of 
1 -b 77/2 - J2/10 are a t  y1 = 2.5 + - i3.87/2. 
are complex. 

A t  y/  = 1/39 on the o t h e r  hand, 

and s ince  there is  no d iscont inui ty  of the func- 

Both roo t s  

If we r e tu rn  f o r  a moment t o  the quant i ty  E , we f i n d  
t h a t ,  s ince c/r i s  a decreasing funct ion,  i t s  logarithmic 
der iva t ive  - - 3 w i l l  be less than 0 ,  Therefore, 

)7 > 3. 
surface of t h e  earth, namely M = 1/288 and f a  = 1/298.2, 
w e  f i n d  tha t  qa = 0.58. are then as i n  the 
following table due t o  Jeffreys,  wi th  s l i g h t  modifications:  

3 

d r  r 
If we a c t u a l l y  s u b s t i t u t e  the values a t  the 

Values of 

y 2 =  0 113 0.58 3 
U / q ,  = 1.00000 1.0007~b 0 99961 0.8 . 

Note that Jef f reys  has 0.99928 for = 0.57; t h i s  i s  
another botch, which someone had already told h i m  about 
i n  1960, For r = 0 ,  = 0 .  We see that  i s  very near ly  
constant .  I t s  maximum value exceeds uq i ty  by less than 
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1 part i n  1,000 and, a t  the  surface,  it is sunk below 
uni ty  by less than 1 pa r t  i n  1,000, We have not e n t i r e l y  
excluded the  p o s s i b i l i t y  that 7 may make a wide excursion 
beyond the  values that ft reaches a t  the  center  and the 
surface of the ea r th .  This is, however, very improbable 
and, unless  this happens, we can say t o  an accuracy of 
about 1 part i n  1,000 that 

which I s  c l e a r l y  an enormous s impl i f ica t ion  of Equation 
370 Now w e  would l i k e  t o  express these r e s u l t s  i n  terms of 
the  moment of i n e r t i a .  For a homogeneous sphere, the moment 
of i n e r t i a  is  known t o  be $a , or 2 2  

Dif fe ren t ia t ing ,  the moment o f  
s h e l l  i s  

7" 8e P P4&, 

and that f o r  a non-homogeneous 

i n e r t i a  of  a t h i n  spher ica l  

sphere is  therefore  

(43) 

To br ing  this i n  terms of Po and its der iva t ive ,  w e  first 
note  that the  der iva t ive  of Po i n  (33a) is 

Then, mult iplying by 2, we f ind  
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r5- P O  = -3r 4 Po 4- 3r4p . 
d r  

We can now replace p by saying 

d r  = - 1 , J  8 +  " 4  3r pdr = gr1",(3r4p0 + r 5 B ) d r  dr J 
9 0  

which follows Je f f r eys l  Equation 43. ( 4 3 4  

We now in t eg ra t e  the second term of (43a) by parts: 

a 5dP0 a a 4  " 4  I r e r  = r5 polo - 5/ r podr = a5p - 5 1  r podr. 
0 0 0 

( 4 3 )  
We combine the  second term of (43b) with the first term i n  
the bracket of (43a) t o  get J e f f r e y s '  Equation 44: 

But, in tegra t ing  (421, w e  have (45): 

I-- v--. &r4dr = 5p a '+-12a 

when (45) i s  subs t i t u t ed  i n t o  (441, w e  g e t  (46):  

i n  terns o f  the mass, 

I n  view of (301, the  Equation 31 can be rewr i t ten  i n  
form 

L a 
When (50) is  subs t i t u t ed  i n t o  (471, we get Kaula 's  equation, 
which shows a d i r e c t  r e l a t i o n  between the moment of i n e r t i a  
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of the earth and the hydrostatic value of the flattening: 
* 

Numerical evaluation of K&ula#s equation, or the equi- 
valent pair of equations from Jeffreys, yields appmxi- 
mtely 1/300 for the hydrostatic value of the flattening 
of the earth, If account is taken of some second order 
corrections whose theory has been discussed by Sir George 
Darwin, and which are summarized in the chapter by Spencer 
Jones in Volume 2 of Kuiper's series on The Solar System, 
it 1s found that the hydrostatic value of the flattening 
is near 1/299.8. 

It is worthwhile to insist on the subtleties which 
are involved here, because they mean that the hydrostatic 
flattening is Jess than the actual flattening, The value 
which has previously been spoken of as the hydrostatic 
flattening, namely, l/297.3, is greater than the actual 
flattening., 
flattening were greater than the actual flattening, it 

If it were really true that the hydrostatic 

would be very difficult to furnish an explanation. 
the actual case when it is less, there is an equally 
embarrassing superfluity of explanations. Conceivably, 
the difference is due to the melting of the polar ice 
caps and some lag in the restoration of isostasy especfally, 
perhaps, in Antarctica. Again, it is conceivable that the 
discrepancy is a consequence, in some way, of the fact 
that the polar caps are colder than the equator. It 
turns out that the temperatwe difference continues to 
exist for a surprafsingly great distance into the earth. 

In 
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, 

Since we are dealing with q u a n t i t i e s  of the order  of" 1 
part  i n  lOO,OOO,  it i s  c l e a r  that  even a very moderate 
temperature d i f fe rence  may se r ious ly  a f f e c t  t h e  ear th 's  
f l a t t e n i n g .  Again, because of the f a c t  that  the laws of  
heat t ransport  by conduction are i r r econc i l eab le  w i t h  &he 
kind o f  thermal s t r a t i f i c a t i o n  which is  implied by the 
theory of hydrostat ic  equilibrium, there w i l l  be some 
necessary d i s to r t ions  of hydros ta t ic  equflibrium i n  a ro- 
t a t i n g  body, a s  was f i rs t  pointed out  by vonZefpel. 
F ina l ly ,  and in my opinion most p laus ib le ,  there i s  the 
explanation of G , K ,  MacDonald (personal communication, 
1960) t o  the e f f e c t  that  the excess bulge'around the equa- 
t o r  i s  the r e s u l t a n t  of a r e t a rda t ion  i n  the  ear thps  
r o t a t i o n  o v e r  t h e  past mi l l ions  of years ,  I do not  th ink  
that any of these explanations can be excluded i n  a satis- 
f ac to ry  way, with the poss ib le  exception of the melting 
of the polar  i c e  caps,  Kaula has made some computations 
along t h i s  l i n e  which ind ica te  tha t  it i s  numerically Lna- 
dequate, 1 a m  inclfned t o  th ink  that  the most p l aus ib l e  
explanation, i f  we must choose one, is the r e t a rda t ion  of 
the ear thfs  ro ta t ion ,  f o r  which there exists independent 
evidence 

I n  any caseB i t  i s  important t o  no t i ce  that the 
f l a t t e n i n g  is  a d i r e c t  funct ion of the po la r  moment of 
i n e r t i a .  If w e  are given another func t iona l  r e l a t ionsh ip  
between these two quan t i t i e s ,  such as t h a t  provided by 
the  lun i -so la r  precession which y i e l d s  the quant i ty  

(C-AyC, then we are ab le  t o  solve f o p  the hydros ta t ic  
f l a t t e n i n g .  The so lu t ion  does not  depend i n  any way on 
what the ac tua l  value of the f l a t t e n i n g  i s .  
within 1 pa r t  i n  10,000, then w e  can ca l cu la t e  the value 

I f  w e  know C 
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w of the hydrostatic flattening to approximately the same 
accuracy. On the other hand, an error of 1 part in lO,OOO 
in the actual value of C would upset the observed value of 
the flattening by the totally unacceptable amount of 10 
units in the reciprocal of the flattening. Thus, the 
presently observed values of the actual flattening are 
better than are needed to make a satisfactory calculation 
of the hydrostatic flattening. 


